The aim of this paper is to present and validate two new procedures to enforce the Geometric Conservation Law (GCL) on a moving grid for an Arbitrary Lagrangian Eulerian (ALE) formulation 
Introduction
The accurate computation of unsteady aerodynamic flows in a reasonable amount of time still presents a challenge in the field of computational fluid dynamics. Compared to steady flow problems which only require an accurate spatial discretization, unsteady flow solvers have to provide an accurate time resolution of the flow. Until lately, the most popular approaches were time marching 5 techniques for which the solution is constructed in time from an initial free-stream solution. Despite acceleration techniques such as multigrid or local time stepping, these methods remain computationally costly, partly because of the transient effects, requiring numerous time steps to converge.
However in the case of periodic flows encountered in problems such as aeroleastic simulations or turbomachinery, the Fourier collocation method can be used to accurately and efficiently represent 10 the solution. A nonlinear harmonic method known as the Harmonic Balance (HB) was initially introduced by Hall et al. [1] . Then, McMullen et al. [2] [3] [4] developed the Non Linear Frequency Domain (NLFD) method in order to solve the Euler and Navier-Stokes equations directly in frequency
domain. An alternative to this approach is the Time-Spectral (TS) method presented by Gopinath et al. [5, 6] , it avoids the explicit use of a Discrete Fourier Transform (DFT) and discretizes the 15 temporal derivative operator through a Fourier collocation matrix. These various methods prove to significantly decrease the required time to obtain the solution compared to time marching solvers.
The NLFD method was used to develop a two dimensional aeroelastic flow solver [7] and then expanded to three-dimensional cases on moving grids [8] . In order to study aeroelastic problems, the mesh is moved in time and additional care has to be taken to compute the mesh velocities and the 20 metrics from the physical to the computational space. Thomas et al. [9] were the first to formally define the necessity to solve additional laws to preserve the conservation of the solver numerical scheme. Termed as the Geometric Conservation Law, it is composed of two subsets of laws known as the Surface Conservation Law (SCL) and the Volume Conservation Law (VCL). A mathematical interpretation of the SCL relates that any cell volume has to be closed by its surfaces whereas the 25 VCL states that the temporal rate of change of the cell volume is equal to the sum of the temporal rate of change of the algebraic volumes swept by each face enclosing it through time. SCL differs from the VCL in the way that they need to be verified even for fixed grids (steady state) while the VCL appears only on deforming grids. The violation of any of these laws may result in error in the flow solution, for instance it was reported that the violation of the GCL leads to inaccurate 30 flutter prediction for aeroelastic cases [10] . Further investigation on time marching schemes clarified the theoretical status of the GCL, exposing its link to temporal-order accuracy [11] , or stability conditions [12] . In addition, the Discrete Geometric Conservation Law (DGCL) were derived in order to preserve the time accuracy for high temporal-order schemes [13] . These methods are well adapted for time marching approaches, but their extension to the NLFD or Time-Spectral methods 35 is not straightforward since it becomes necessary to compute all quantities : state vector, fluxes, mesh positions and mesh velocities, at all time steps before applying the Fourier discretization.
In this work, we focus on the VCL part of the GCL which arises from the unsteadiness of the flow.
The framework of our study is based on the previous development of a three dimensional aeroelastic solver by Tardiff et al. [8] who introduced a methodology to enforce the GCL. The expression of 
Discretization of the governing equation and mesh deformation
This section presents the formulation of the Euler equations on a moving mesh using the Arbitrary Lagrangian-Eulerian approach, its discretization using the Non-Linear Frequency Domain, and the mesh deformation method through the Radial Basis Functions. 
Arbitrary Lagrangian-Eulerian formulation of the Euler equations
When solving the Euler equations on a moving grid a popular approach is to use an Arbitrary Lagrangian-Eulerian (ALE) formulation [14] . For a control volume Ω enclosed by a boundary ∂Ω and without source terms, the integral form of this formulation is given as follows : 
where F c would be the convective flux vector on a fixed grid and ρ, u, v, w, E, p and H are respectively, the density, the Cartesian velocities of the fluid, the total energy per unit mass, the pressure and the total enthalpy per unit mass defined by :
In order to close the system of equations, the pressure is evaluated under the assumption of ideal gas through the state equation (4) :
Also, V is the contravariant velocity of the fluid and V t is the contravariant velocity of the boundary enclosing the control volume. n x , n y and n z are the components of the boundary unit normal vector pointing outward of the control volume. It yields :
By introducing a discretized control volume and an artificial dissipation flux vector F d to avoid an odd-even decoupling of the solution and to increase the accuracy at discontinuities, the equation
(1) can be written under a semi-discretized form as :
The previous set of equations has to hold for each control volume and can be expressed as a semi-discrete system of ordinary differential equations in time :
where
is the discrete residual vector. In this work, the discretization in space is performed according to the finite volume method on a structured hexahedral grid, the modified convective flux is computed as the average of the fluxes at a cell face and the artificial dissipation is evaluated using the JST scheme [15] . The residual vector is calculated as the summation 60 over the faces of the control volume of the different fluxes.
Temporal discretization using the Non-Linear Frequency Domain method
The temporal discretization of the flow solver employs the NLFD approach developed by McMullen et al. [2] . Under the assumption that both the modified state vectorw = Ωw and the residual vector R(w) are periodic in physical time, the two quantities can be expanded as discrete
Fourier series using a finite number of harmonics equations (8) and (9) :
where i = √ −1 is the imaginary unit, T is the time period, k is the wave number, and N is the number of modes employed in the Discrete Fourier Transform (DFT). The k th Fourier coefficientŝ w k andR k are given by the following equations (10) and (11) , for −N ≤ k ≤ N :
where their computations require the sampling of the modified state vector and the residual vector for N ts = 2N + 1 time steps at equally spaced time instances such that the n th time sample t n is :
At this point, it is important to emphasize that the state and residual vectors need to be evaluated at all time instances before transferring in the Fourier domain, this is a fundamental difference with the time marching approach. The Fourier representation is then substituted into the semi-discrete form of the Euler equations (7) to yield :
By exploiting the orthogonality property of the Fourier basis, this leads to a set of 2N + 1 equations (15), each being associated to a wave number k :
Since the representation ofR k as a function ofŵ k is not straightforward, an unsteady residual R * k is defined and driven to zero using a pseudo-time marching approach such that :
Thus at convergence,R * k = 0 and the equations (16) are satisfied for each wave number. The new periodic solution is then transferred back to the physical time domain using an Inverse Fourier Discrete Transform (IDFT) and evaluated at each time instance t n by dividing by the volume :
The equation in pseudo-time can be solved using any time-stepping scheme. In this work, we use an hybrid five-stage Runge-Kutta scheme with blending coefficients for the artificial dissipation 65 [16] .
Dynamic mesh deformation using the Radial Basis Function
The deformation of the mesh is performed using the Radial Basis Functions (RBF) [8] . The method is based on the assumption that the movement of all grid points can be interpolated from the a priori known motion of a set of points called the RBF points. In this study, the RBF points are always a subset of the grid points at the boundary of the domain, their displacements relative to the undeformed mesh are prescribed at each time instance using analytical functions. Because of the NLFD method, the mesh positions and velocities are therefore computed and stored for all N ts time steps. For any grid point p of position vector x p in the undeformed mesh, its displacement in the x-direction s x (x p , t) is defined as :
where N rbf is the number of RBF points, α i are the interpolating coefficients, x i is the position vector of the i th RBF point in the undeformed grid and φ is some basis function depending on the Euclidean distance ||x p − x i || 2 between the points p and i. In this work, Wendland C0's basis function [17] is considered, it is defined as follows :
where R is the support radius relative to the surface of RBF points. Since the equation (18) 
where :
with :
and N grid is the total number of grid points. The displacements in the y and z directions can be computed with the same matrices given in equation (21), by considering the RBF points displacements in the corresponding direction.
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Similarly, the mesh velocities for any grid point are computed using the Radial Basis Functions for Velocities (RBFV) by interpolating the a priori known velocities of the RBF points which leads to the following expression :
where v dir,v is the vector of the velocities of the grid points and v dir,r is the vector of the velocities of the RBF points and the direction is given by dir = x, y, or z.
Derivation and enforcement of the Geometric Conservation Law

Derivation of the GCL in the NLFD framework
As previously stated our interest is focused on the Volume Conservation Law aspect of the GCL.
Under integral form the VCL for a control volume Ω enclosed by a boundary ∂Ω can be written as follows :
where V t = ∂x ∂t , ∂y ∂t , ∂z ∂t is the mesh velocity vector and n is the normal vector to the surface
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∂Ω. The law relates only on geometrical considerations and is always satisfied under continuous form and implicitly satisfied for rigid grid motion. It arises from the deformation of the mesh and is closely related to the preservation of uniform flow by the numerical scheme. Therefore in order to obtain a consistent solution method, the GCL must be discretized using the same numerical scheme employed to discretize the primary conservation laws [11] . In our case, it yields a hexahedral 80 stuctured finite-volume framework and a temporal discretization using the NLFD method. A first approach to enforce the VCL in the NLFD context was presented by Tardiff et al.
[8] but more investigation is needed to determine its limitations. In this section, further developments are added to this approach which expose its analytical limits and a new method is proposed.
Considering any discretized control volume Ω enclosed by N f faces, then equation (24) can be written as :
where n m is the unit normal vector to the face ∂Ω m . Then the integrated face mesh velocities (IFMV) G m (t) corresponding to the temporal rate of change of the algebraic volume swept by each face through time are introduced in equation (26) :
and also G(t) is the sum of the IFMV over all faces of the control volume :
Then equation (25) can be written as :
Under the assumption that the volume Ω and the sum of the integrated face mesh velocities G are periodic functions of time, the NLFD discretization can be applied :
By substituting these expressions into equation (28), yields :
Then by exploiting the orthogonality property of the Fourier basis, it leads to a system of 2N + 1 equations, each corresponding to a wave number k :
The set of equations (33) provides the necessary condition to enforce the GCL in the NLFD approach.
Such criterion is not satisfied in general and has to be enforced through the correct computation of the cell volume and the integrated face mesh velocities, in a way consistent with the solver numerical scheme. Since the volume is usually exactly known, one popular approach in time marching methods is to split the GCL over each face [13, 18, 19] . In the current framework, the volume of a cell can be expressed as the sum of the volume at a reference initial instant t 0 and the algebraic (positive or negative) volumetric increments due to each face Ω m relative to this reference instant :
By substituting relations (34) and (27) into the equation (28), yields :
Then for each face m enclosing the discretized control volume, we need to ensure the relation (36) :
However, even if the positions of the mesh vertices and their velocities are known at all time
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instances from the dynamic mesh deformation, the implementation of the GCL using this relation is not straightforward using the NLFD method. In the following, volumetric increments are always considered as algebraic values which can either be positive or negative.
Approach of Tardiff et al. [8]
The first approach developed by Tardiff et al. This approach has two advantages : first, it is easy to compute the volumetric increments at each time instant using standard cell volume computational algorithms ; second, the volumetric 95 increments due to each face are time periodic as long as the movement of the vertices is periodic.
Once the volumetric increments are known for 2N + 1 time instances defined by equation (12), their Fourier representations are calculated :
and the Fourier formulations of the integrated face mesh velocities for each face m are introduced : 
Therefore, the GCL are satisfied independently for each face of the control volume by computing the Fourier coefficientsĜ m,k and then applying an IDFT to transfer back the integrated face mesh velocities to the temporal domain. Despite its attractiveness, this method is restricted to linear movements due to the manner in which the volumetric increments are computed. In general,
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the motion would not be linear and such representation of the volumetric increments will not be sufficient to ensure the correct computation of the IFMV.
Moreover the NLFD method is based on the assumption that the quantities are time periodic and can be expanded in Fourier series, but having a time periodic movement of the vertices does not guarantee time periodic volumetric increments but only that their temporal derivative will be 105 periodic. This statement will be demonstrated through the following example.
A 2D quadrilateral element is considered with the following motion defined by equation (40) and shown Figure 2 :
where the index 0 refers to the initial position of the grid, R is the radius defining the amplitude of the circular motion and e x and e y are the unit vectors in respectively the x and y directions. For the face defined by the vertices r 2 and r 3 , the derivation of the expression of the exact volumetric increment in the x direction and its time derivative leads to the following expressions respectively (41) and (42) :
where the length y 3,0 = (r 3,0 · e y ).
Thus the time derivative of the volumetric increment is periodic whereas the volumetric incre-110 ment is the sum of a linear term and a periodic term and the direct application of the NLFD method on the exact volumetric increment is not possible since the linear term is not expandable as a Fourier serie. Additional work is required to ensure equation (36) is compliant with the NLFD method. 
Modified approach based on the exact volumetric increments
Method
In this section, we are going to demonstrate the following theorem 3.1, 
whereĜ m,k andp m,k are the Fourier coefficients of respectively the integrated face mesh velocities and the periodic part of the exact volumetric increments given by,
Proof. Under the assumption that the motion of the vertices is periodic, the temporal rate of change of the algebraic volume swept by each face through time is periodic. Thus the temporal derivative of the volumetric increments and the integrated face mesh velocities are periodic, the DFT is applied to the equation (36) leading to :
whereĜ m,k , for − N ≤ k ≤ N are the Fourier coefficients of both the derivative of the volumetric increment and the integrated face mesh velocity of a face m.
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By integrating the equation in time, the volumetric increment is expressed as :
whereΩ m,0 is a constant of integration. Then any volumetric increment can be interpreted as the sum of a linear term l m (t) and a periodic function p m (t) defined by :
Knowing the values of the volumetric increment at t = t 0 and t = t 0 + T , and exploiting the periodicity of the function p m , yields :
Hence the zeroth Fourier coefficients of the integrated face mesh velocities are known through equation (50) applied for each face m and the linear part l m of the volumetric increments can be computed at each instant. Then, an expression of the periodic part of any volumetric increment p m is obtained as :
Usually t 0 would be taken as the initial time instant t 0 = 0 corresponding to the undeformed configuration of the mesh, for this specific reference time instant Ω m (0) = 0, and the previous expression can be further simplified into equation (52) : 
Since the derivation in Fourier space puts to zero the contribution from the zeroth coefficient, the value of the integration constantΩ m,0 is not relevant to compute the integrated face mesh velocities.
Finally the procedure to compute the IFMV to enforce GCL by deducing the time derivative of step is needed for the mesh deformation. For this procedure, the key point is to compute the exact volumetric increments as accurately as possible in order to preserve the spectral convergence of the NLFD method.
Practical enforcement and error estimation
In practice the accuracy of the previous method highly depends on the accuracy of the com-135 putation of the volumetric increments. For an hexahedral grid, as each face m sweeps through the computational domain, they form hexahedra between time intervals. The volume of any hexahedreon can be computed using a trilinear mapping [20] between the physical space and the computational domain Figure 3 . This yields the following definitions.
Definition 3.2. The volume of any hexahedron as a function of the position vectors of the vertices
Calculate the mesh deformation using the RBF for equally space time instances t n ; 
for n = 0, ..., 2N do Extract the periodic part of the volumetric increments via 
with 
where t 0 = 0 is the initial instant corresponding to the undeformed mesh and ǫ T m (t n ) is the truncation error at time instant t n . Now that the mathematical tools to compute the volumetric increments are introduced, the accuracy of the procedure presented in section 3.3 can be established, we have the first lemma 3.4, 
Truncation error on the vertex path .
The volumetric increment is then defined by the vertices positions with the following indexation,
By substitution of the Taylor expansion of the vertex positions at instant t n into equation (54), and exploiting the linearity of the function, the error committed during the estimation of the volumetric increment between two time steps is found to be of order two in τ = (t n − t n−1 ) (see Appendix 7.1).
Recalling that the number of time steps N ts = 2N + 1 and using the definition of the time instance, the difference (t n − t n−1 ) is written as
Thus the truncation error during the estimation of the volumetric increment between two time steps at the n th instant and noted ǫ T m,h (t n ) is of order two in τ and can be expanded as :
where E T m (t) is a scalar periodic function depending on r i (t), and
In order to estimate the error committed on the exact volumetric increment approximated at the n th time sample, these errors have to be summed, and yields :
Hence, for 1 ≤ n ≤ 2N + 1 :
Thus for n = N ts :
The order of the error to approximate the exact volume of the volumetric increment may decrease Proof. For 1 ≤ n ≤ N ts , the periodic part of the volumetric increment can be further expanded as :
From equation (60), we have :
Then the truncation error on the periodic part of any volumetric increment p m (t) is given for 1 ≤ n ≤ N ts by :
Since the bracketed term in equation (63) is dependent of n, the order of accuracy for any n is still unclear. To refine the determination of the order of accuracy during the computation of p m , the approximation of an integral using the Riemann sum is exploited.
For any T -periodic function f at least three times continuous (f ∈ C 3 ([0; T ]), we have the following asymptotic development (64) where
Then applying this result to the truncation error ǫ 
Substituting back the expression (66) into the final equation in (65) for n = N ts , leads to :
In summary the truncation error committed on the periodic part of any volumetric increment follows the equation :
In general, the order of the truncation error on the approximation of the periodic part of the volumetric increment used as input for the NLFD method is of order between one and two.
165
Analytically, we observe that this order is determined by the sum
This upper bound ensures that in the worst case, the order of accuracy is 1. However asymptotically it is reasonable to assume that for small and high values of n, the term
is small enough to consider that the truncation error is of order 2 whereas for n in the middle of the range [1; N ts ], the order 170 is greater than 1 but lesser than 2.
Assuming that the spectral convergence of the Fourier transform is reached and taking advantage of its bijectivity, the truncation error on the Fourier coefficientsĜ m,k and finally on the integrated face mesh velocities is of order between 1 and 2. Therefore the accuracy of the procedure is given
Corollary 3.6. In the context of theorem 3.1, and under the definitions 3.2 and 3.3, for any face m the temporal-order of accuracy of the integrated face mesh velocities is limited to between one and two.
Thus it is important to note that even if the method described in section 3.1 enforced the 180 Geometric Conservation Law, the integrated face mesh velocities are determined within an accuracy of order 1 to 2. This is a disadvantage since the benefit of the spectral convergence of the NLFD method.
Alternative approach based on the exact integrated face mesh velocities
Trilinear mapping
185
The computation of the metrics of a grid is often easier in a Cartesian grid, for this reason a mapping between the curvilinear physical space and a Cartesian computational space can be performed. In this work, a trilinear mapping is already used to compute any hexahedron volume [20] , but it can also be used to compute the time derivative of any hexahedron, its surface vectors 
Derivation :
The mapping T from the physical to the computational space is introduced :
where (D C ) is the computational domain and (D P ) is the physical domain. The application is defined by considering a reference cube in the computational space which enables the mapping of 195 any general hexahedron in the physical space. A necessary and sufficient condition to ensure the invertibility of the mapping is the strict positivity of the Jacobian for any point of the element.
However no simple relations exist in order to verify the positivity of the Jacobian in 3D [21, 22] .
In this work, the position vector r p = (x, y, z) in the physical space is mapped through r r = (x(ξ, η, ζ), y(ξ, η, ζ), z(ξ, η, ζ) 
For any face m of a cell, the normal vector is given by one of the following expressions : 
where the sign is determined in order to have the normal pointing outward of the cell volume. The Jacobian matrix J(ξ, η, ζ) is expressed as :
and its determinant can be calculated with one of the following expressions :
Once the position vector, velocity vector, normal vectors and Jacobian are known, these quantities 200 are used to compute the integrals of the volume and mesh velocity through a change of variables.
Volume integral
Trough the application of the divergence theorem, the volume of the hexahedron can be evaluated as such,
We can then write the integral for the computational domain through the trilinear mapping to acquire, For each face, the computation of the integral over the surface under this form is not straightforward (the difficulty comes from the unit normal vector) and needs to be simplified a priori. This is done by exploiting the relation (76), for the derivation of this expression see Appendix B in [23] :
where C r,m = C(ξ, η, ζ) is the cofactor matrix of the Jacobian matrix J for the trilinear mapping andN r,m is the constant unit normal vector to the corresponding face in the reference space :
Once the equation (76) is substituted into the integrals over the surfaces, an explicit expression of the volume as a function of r i , i = 1, ..., 8 is obtained :
where for any set i, j, k, l, the volumetric contribution of the face S ijkl is given by (79) :
Time derivative of the volumetric integral
The temporal derivative of the volumetric integral can be expressed as,
By substituting the results of the previous section, primarily equations (78) and (79) 
where for any set i, j, k, l, the time derivative volumetric contribution of the face S ijkl is given by (82) :
(82)
Integrated face mesh velocities
The integral of the face mesh velocity in the physical domain for a face m is given by,
By introducing the trilinear mapping, we can express the integrated face mesh velocities as,
Once the integration is performed, the explicit expressions of the integrated face mesh velocities are obtained as a function of r i and v i , i = 1, ..., 8. For a face with the set (i, j, k, l) ∈ {4321; 5678; 3487; 1256; 4158; 2376} : x r a ) ) for any set a, b, c
It was checked that with these expressions for the IFMV and the time derivative of the volume as functions of velocity and position vectors of the vertices, the semi-discrete equation of the GCL
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(28) is analytically retrieved. In other words, the sum of equation (83) applied to the 6 sets {4321; 5678; 3487; 1256; 4158; 2376} is equal to expression (81).
Derivation of the GCL in the NLFD framework
The methods presented in sections 3. 
where T refers to the trilinear mapping. Hence, this method will not enforce the GCL for any number of time steps contrary to the method presented in section 3.3, but for a sufficient number exact integrated face mesh velocities and ensures the GCL with a spectral rate of convergence depending on the mesh motion, it provides a good alternative to the method exploiting the volumetric increments with an order of accuracy comprised between one and two. In the section 4, we will present the numerical results of these different methods for several test cases. 
Time-Spectral method
Assuming a periodic flow and a periodic deformation of the mesh, we recall the temporal discretization of the modified state vectorw = Ωw equations (8) and (10),
with :ŵ
where T is the time period, N is the number of modes considered in the DFT and t n the equally spaced time instances given by,
In Fourier space, the time discretization operator leads to,
By evaluating this expression for each time instance t n , we have for n = 0, ..., 2N ,
We introduce, the coefficients d n,K , defined for n = 0, ..., 2N by,
the compact form of the coefficients for an odd number of time steps is written as follows (for the derivation see Reference [6] ),
and, ∂w ∂t
The temporal-derivation operator appears as the multiplication of a matrix
with each vector (w i (t K )) 0≤K≤2N , for i = 1, ..., 5 where the index i refers to the component of the modified state vector in the governing equations. In addition, this matrix is skew-symmetric, independent of any state variables and completely determined by the number of harmonics used in the DFT and the temporal period. Then a pseudo-time t * is introduced and the equations are solved in the time domain through,
Derivation and enforcement of the GCL
Recall that in order to obtain a consistent solution method, the GCL must be discretized using the same numerical scheme employed to discretize the governing equations. In the case of TimeSpectral method, it leads to the following theorem 3.7, 
and D = (d n,K ) 0≤n,K≤2N is the matrix representing the temporal derivation operator of the Time-
Proof. Under the assumption that the motion of the vertices is periodic, the temporal rate of change of the algebraic volume swept by each face through time is periodic. Thus the temporal derivative of the volumetric increments and the integrated face mesh velocities are periodic, the DFT is applied to equation (36) leading to :
where for any face m,Ĝ m,k are the Fourier coefficients of both the derivative of the volumetric increment and the integrated face mesh velocity. The mean of a function expandable in Fourier serie is given by its zeroth Fourier coefficient thus,
From the proof of theorem 3.1, we have the following relations,
Then, by exploiting these results and applying the Time-Spectral temporal derivation to the periodic part of the volumetric increments, we can write for each time instance t n , with n = 0, ..., 2N ,
Finally, if we group all the time instances in a vector G m , we obtain, 
Numerical results
The new approaches to enforce the Geometric Conservation Law developed in section 3 are numerically tested in order to validate their procedures. The protocol, test cases and results are presented in the following sections.
Protocol
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The physical interpretation of the GCL is that any uniform flow must be preserved by the numerical scheme employed for the flow solver and independently of the mesh movements. This law imposes constraints on the manner to compute some geometrical quantities such as the volume and the integrated face mesh velocities. Thus the first step of our test is to ensure the preservation of uniform flow by computing the relative error between the initially defined uniform state vector W 0 and the computed state vector W by the flow solver,
where W 1 = ρ, W 2 = ρu, W 3 = ρv, W 4 = ρw and W 5 = ρE and n v is the index pointing to the grid cell with N cell the number of cells in the mesh.
However the verification of uniform flow preservation only guarantees that the GCL are satisfied "by summing over the faces", but not that the computed integrated face mesh velocities are correct.
Indeed as long as the sum of the time derivative of the volumetric increments is equal to the time derivative of the cell volume,
the deduced integrated face mesh velocities from the time derivative of the volumetric increments from equation (36) enforce the GCL after the summation through the faces (see equation (28)) but the integrated face mesh velocities themselves may not converge to the correct value. For each of these approaches, the preservation of uniform flow is tested. Then different quantities are compared by computing the maximum absolute error :
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• comparison of the sum of the IFMV to the NLFD time derivative of the cell volume computed using the numerical scheme of the flow solver. This comparison is similar to a demonstration of the preservation of uniform flow:
• comparison of the IFMV to the reference integrated face mesh velocities (TRI-MAP) in each direction dir = x, y or z :
Test cases
This section presents the different mesh motions impose as test cases. The time period is always taken to be unity. All tests are performed on a square mesh of size 10 × 10 × 10, and of lengths 
Without RBF
Three test cases are performed by directly imposing the mesh deformation to the entire mesh. 
With RBF
                     α(t) = α 0 cos(2πt) x p = 0.621L x s x (t) = (x 0,r − x p )[cos(α(t)) − 1] + y 0,r sin(α(t)) s y (t) = −(x 0,r − x p ) sin(α(t)) + y 0,r [cos(α(t)) − 1] s z (t) = z 0,r
Freestream preservation
The results demonstrating uniform flow preservation are shown for all test cases in Figure 6 .
The evolution of the relative error defined by equation (104) The results show that the two methods employing the IFMV deduced from the Fourier discretization preserve uniform flow, while the approximation derived from the AVG yields the least accurate results. This is consistent since for both methods NLFD-LVI and NLFD-AEVI, despite different It is also observed that using the (TRI-MAP) integrated face mesh velocities preserves uniform flow and thus satisfies the GCL given a sufficient number of harmonics (see cases 2, 4 and 5) which is expected. Its rate of convergence should be exactly the same as the rate of convergence of the 290 time derivative of the cell volume in the Fourier space. This is verified in the next section.
Comparison of the integrated face mesh velocities to the reference value
The results are shown on convergence is observed compared to the first-order backward finite-difference (∆t (1) ) and secondorder centered finite-difference (∆t (2) ) approximating the time derivative of the cell volume. As 310 expected, this rate of convergence is found to be similar for the preservation of uniform flow using the reference TRI-MAP method. However, the AVG approach is not designed to enforce the GCL, it is only an approximation based on the mesh velocities and face metrics and hence for the cases considered in this article, the method proved to ensure the GCL with an accuracy up to 10 −5 . faces can be exactly evaluated using a linear approximation of the curved boundaries shown in blue.
Therefore in the y-direction, the volumetric increments are exactly computed and the individual 325 IFMV are correctly computed using either the LVI or AEVI methods once the temporal derivative operator is converged in Fourier space. In the x-direction, a linear approximation is insufficient to compute exactly the volumetric increments thus the AEVI method converges at an order between one and two as stated in corollary 3.6.
Second, even if the numerical scheme enforces the GCL by preserving uniform flow, the employed 
Time-Spectral Method
The numerical results for the Time-Spectral method are the same as that shown for NLFD-LVI and NLFD-AEVI depending on which approach is retained to compute the volumetric increments.
For this reason, the graphs are not reproduced in this article. The comparisons and conclusions 340 derived for the NLFD approach hold for the Time-Spectral method as well.
Discussion and Conclusion
The limits of the previous method of Tardiff et al.
[8] (NLFD-LVI) were clarified and demonstrated numerically and a modified approach (NLFD-AEVI) has been presented that ensures the satisfaction of the Geometric Conservation Law for a flow solver based on either the NLFD or Time-
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Spectral discretization of the ALE formulation of the Euler equations. The methods NLFD-AEVI and NLFD-LVI aim to satisfy the GCL by computing the integrated face mesh velocities according to the numerical discretization of the flow solver and take as input the face volumetric increments.
The accuracy of the methods was shown to be highly dependent on the computation of the correct volumetric increments and in the worst cases considered converged at first-to-second-order for the cal domain and the computational space which allows the evaluation of the exact cell volume and integrated face mesh velocities. The disadvantage of this method is that it is not consistent with the discretization of the flow solver, meaning that freestream preservation is not satisfied for any number of harmonics as it is with the modified approach, NLFD-AEVI. However such inconvenience is compensated by its spectral rate of convergence, which is sufficient to ensure the satisfaction of 360 the GCL and preserve uniform flow.
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Therefore for any face m, the truncation error ǫ T m,h on the volumetric increment between two time steps t n−1 and t n is of order two. In addition, it is possible to write the lowest order term of the error as a linear combination of the previous forms equation (118) 
Due to the temporal periodicity of the vertices paths r i , the function E T m is also periodic.
